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Abstract. We show that every regular graph with good local ex- 
pansion admits a spanning Lipschitz subgraph with large girth and 
minimum degree. We reprove and strengthen the theorem of Ga- 
boriau and Lyons on the dynamical solution to the von Neumann 
problem. The finite version complements the theorem of Bour- 
gain and Gamburd showing that large girth implies expansion for 
Cayley graphs of SL2(F P ). We apply this to the regular case of 
Thomassen's conjecture stating that every finite graph with large 
average degree has a subgraph with large girth and average degree. 



1. Introduction 

The so-called von Neumann problem asked if every non-amenable 
group has a non- commutative free subgroup. The question did arise 
in the twenties, when the notion of amenable groups was introduced 
by von Neumann [27] in order to explain the Banach-Tarski paradox. 
The original, algebraic version was disproved by Olshanskiy [28J. On 
the other hand, K. Whyte found a geometric group theoretical solution 
[32] : a finitely generated group is non-amenable if and only if it has a 
4-regular tree as a Lipschitz subgraph. (Benjamini and Schramm [3] 
proved independently a more general result for arbitrary graphs solving 
a problem of Deuber, T. Sos and Simonovits [9] (extended by Elek and 
T. Sos in 2004), and Elek [10] also gave an independent proof.) 

Gaboriau and Lyons found a dynamical version in terms of measur- 
able group theory [21J: 



Theorem 1. For any finitely generated non-amenable group T there 
is a measurable ergodic essentially free action of F2 on ([0,l] r ,z/) such 
that for almost every x G [0, l] r the F2-orbit of x is contained by the 
V -orbit of x. 

This is equivalent to the existence of a free F 2 -action on the Cayley 
graph of T as a factor of IID. Theorem [T] has many different formu- 
lations in terms of von Neumann factors, cost and treeings etc. The 
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proof of Gaboriau and Lyons is based on a deep result of Benjamini, 
Lyons, Peres and Schramm [I] in percolation theory. The main tool of 
our proof is the Lovasz Local Lemma, a standard tool in probabilistic 
combinatorics. This was realized in the celebrated work of Moser and 
Tardos by a local algorithm |26j . 

Theorem [1] gives a way to extend results about groups containing F 2 
as a subgroup to every non- amenable group: this was used by Epstein 
[T2] , and in Dixmier's unitarizibility problem (see Epstein and Monod 
[T5] . Monod and Ozawa [IB])- In this paper we reprove Theorem [T] and 
strengthen it with an extra Lipschitz condition on the F 2 -action: 

Theorem 2. For any finitely generated non-amenable group F there is 
a measurable ergodic essentially free action of F2 on ([0, l] r , v) such that 
for almost every x G [0, l] r the F2-orbit of x is contained by the V -orbit 
of x. Moreover, given a Cayley graph GofT there is a constant L such 
that distG(x,a(x)),distc(x, f3(x)) < L holds for the free generators of 
the free F 2 -action a, (3 and almost every x G [0; l] r . 

The theorem easily extends to every countable discrete non-amenable 
group (Gaboriau and Lyons stated it in this generality), but we prefer 
this formulation, since the Lipschitz condition is more expressive for 
graphs with finite degrees. The proof will give L = 0(1/X), where A 
is the spectral radius of the random walk. The finite analogue of the 
theorem is as follows: 

Theorem 3. Let G be a finite d-regular graph, < A < 1 and g G N. 
Assume that for every k < g and every vertex x G V(G) the number 
of cycles with length k containing x is at most (Xd) h . Then there is 
a constant L = 0(1/A) and bisections a, (3 : V(G) — > V(G) such that 
every nontrivial word w G ^(a,/?) with length < g/L has no fixed 
point on V(G), and dist(x,a(x)),dist(x, (3(x)) < L holds for every 
x G V{G). 

Note that the conditions of the theorem hold for expanders if g = 
0(log(\ V(G) |). Our approach works for arbitrary regular, non-amenable 
graphs, but it only allows to find an almost regular forest as spanning 
Lipschitz subgraph (or large girth subgraph) with large minimum de- 
gree instead of the free F 2 -action. 

Theorem 4. Let G be a countable d-regular graph, 5 a positive integer, 
< A < 1 and g G N U {00}. Assume that for every k < g and every 
vertex x G V(G) the number of cycles of length k containing x is at 
most (Xd) h . Then G has a spanning L-Lipschitz subgraph H, where 
L = max{2[ ^ 1 ^ ] + 2; [ ] + 1}, with girth at least g/L, minimum 
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degree at least 5 and maximum degree at most (5+1). Moreover, there 
is a local algorithm that constructs H almost surely. 

This gives already an alternative proof of Theorem [1] if g = oo, 5 = 5 
and G is the Cayley graph of a non-amenable group then it produces a 
factor of IID 5-regular forest as a Borel subrelation of a Bernoulli shift 
([0; l] r , i/). This is ergodic and has cost > 2 so we can use the result of 
Hjorth [22] to show that it contains an ergodic subrelation generated 
by an ergodic free action of F 2 . 

Our key theorem is the case of graphs with large expansion, when the 
Lipschitz constant can be 1, so we get actually a spanning subgraph. 

Theorem 5. Let G be a countable d-regular graph, 5 < d a positive 
integer and g G N U {oo}. Assume that for every k < g and every 
vertex x G V(G) the number of cycles of length k containing x is at 
most (-jjg) k ■ Then G has a spanning subgraph H with girth at least g 
and minimum degree at least 5. Moreover, there is a local algorithm 
that constructs H almost surely. 

Bourgain and Gamburd [5] proved that Cayley graphs of SX 2 (F P ) 
with girth £t(log(p)) (It is generally believed that £1(1) is enough.) are 
actually expanders: Theorem H] and |5] complement this theorem. 

Theorem [5] gives a strong solution to the regular case of the following 
conjecture of Thomassen |30j : 

Conjecture 1. For every d and g there exists a D = D(d, g) such that 
every finite graph with average degree at least D contains a subgraph 
with average degree at least d and girth at least g. 

Thomassen's conjecture is a relaxation of an influential conjecture 
of Erdos and Hajnal [HI [15] in the seventies, who asked the same 
for chromatic number instead of average degree. The case of regular 
graphs is handled by the straight approach of Kuhn and Osthus [T7] , 
though the general case can not be reduced to this (see Pyber, Rodl and 
Szemeredi [2H])- Kuhn and Osthus [T7] settled the case g = 6, while 
Dellamonica, Koubek, Martin and Rodl [5] proved a directed version 
of the conjecture. Theorem implies a strengthening of Thomassen's 
conjecture for regular graphs: we will find a spanning subgraph with 
the required properties (instead of an arbitrary subgraph). 

Corollary 6. Let d,D,g be positive integers, and G be a D-regular 
graph. Assume that D > (12d) 9 . Then G has a spanning subgraph with 
minimal degree at least d and girth at least g. 
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Proof. The number of walks with length k can be at most D k ^ 1 at 
any vertex. This is less than (j^) fc , hence the condition of Theorem 
holds. The Corollary follows. □ 

Remark 7. Note that Theorem [3] immediately allows us to give an 
alternative dynamical solution to the von Neumann problem for so- 
called sofic groups introduced by Gromov [20] and Weiss [31]: These 
groups can be approximated by finite labelled graphs. The ultraprod- 
uct of these finite graphs will be a probability space that admits an 
essentially free action of the group (see Elek, Szegedy [UJ for basics 
on ultraproducts of finite graphs). The orbits of the free F 2 -action 
provided by Theorem [3] will be contained by the orbits of the group 
action. 

Future work In [23] the author proves a measurable version of the 
Lovasz Local Lemma. This allows to extend Theorem [3] to graphings 
(and arbitrary free actions of a non-amenable group) if g < oo. Breuil- 
lard and Gelander [6] proved a uniform version of the Tits alternative, 
showing that for every non-virtually solvable finitely generated group 
of matrices one can find two elements that are free generators of a free 
group and are the products of at most m generators, where m depends 
on the dimension only. We hope to reprove this theorem with our 
methods: the extension of the Lovasz Local Lemma in [23] may be the 
first step in this direction. 

2. Definitions 

We say that a graph is <i-regular if every vertex has degree d. The 
girth of a graph G denoted by g(G) is the length of the shortest cycle. 
An acyclic graph is called a forest, a connected forest is called a tree. 
The minimum degree of G is denoted by 6(G). A matching is a set of 
edges that covers every vertex at most once. The matching is perfect 
if it covers every vertex exactly once. Given a non-perfect matching an 
alternating path is a path with an odd number of edges such that every 
other edge in the path is in the matching, and the two endpoints of the 
path are unmatched. Switching the matching and non-matching edges 
of an alternating path increases the size of the matching by one: this 
is the standard way to find a perfect matching. 

Definition 8. We say that the graph H is an L-Lipschitz subgraph 
of the graph G if V(H) C V(G), and for every edge (xy) G E(H) the 
distance of x and y is at most L in the graph G. We say that H is 
a spanning L-Lipschitz subgraph of H if it is an L-Lipschitz subgraph 
and V(H) = V(G). 
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Note that the (spanning) 1-Lipschitz subgraphs of a graph are ex- 
actly the (spanning) subgraphs. The Cayley graph of the group T gen- 
erated by S C T is a graph G, where V(G) = T and E(G) = {(x,y) : 
x, y G r, x~ l y G S}. We will denote this S-colored graph by Cay(T, S). 
We will assume that S = so the graph will be undirected. We 
will sometimes consider the (directed) labeling of the vertices by the 
elements of S. 

We will work with so called graphings, these are graphs on a stan- 
dard Borel measure space with a Borel edge set: We will only consider 
graph(ing)s with bounded degree on a probability measure space. The 
normalized spectral radius of (the self-adjoint operator corresponding 
to) a graphing will be denoted by p. A treeing is a graphing that is a 
forest (as a graph). 

We say - following Kesten - that a (finitely generated) group is non- 
amenable if given its (i-regular Cayley graph there is a A < 1 such that 
the number of fc-walks at any vertex is at most (Xd) k . (The existence of 
A is independent of the choice of the Cayley graph.) Given a measure v 
on the interval [0; 1] and a group G we will consider the Bernoulli shift 
[0; 1] G with the product measure and the measure-preserving, essentialy 
free G-action on it. 

The notion of local (randomized) algorithms will play an important 
role for us. Consider the space Gb of connected, rooted graphs with 
maximum degree at most b. Set JF h = {(G, f) : G e Gb, f e [0; 1} V ^}. 
Consider the cr-algebra generated by the following sets: given a finite, 
connected, rooted graph G G Gb an d B C [0; 1] V ( G ) Borel consider the 
set {(H, /) G Tb '■ 3r s.t. the rooted r — ball of H is isomorphic to G 
and the restriction of h to the ball equals /}. Let us call the elements 
of the cr-algebra generated by these sets Borel. Given a finite set C we 
call a mapping <p : Gb — > C Borel if the pre-image of any element of 
C is Borel. Given a degree bound b, a finite set C and a measurable 
mapping (p : Gb — ► C we call the following randomized algorithm a local 
algorithm: Given a graph G we generate a random g G [0; by 
generating a random number in [0; 1] at every vertex uniformly and 
independently. Then the algorithm assigns to every vertex v of G the 
value f(H, h) G C, where H is the rooted graph isomorphic to the 
connected component of v in G rooted at v, and h is the restriction of 
g to H. 

3. The proof of Theorem [5] 

Consider the following probability distribution on the subsets of 
E(G): choose 5 distinct edges at every vertex independently, uniformly 
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at random, and let E(H) consist of these edges. We will use the Lovasz 
Local Lemma to prove that H can satisfy the conditions of the theorem: 
in case of finite graphs this will happen with positive probability. The 
Lovasz Local Lemma was originally proved by Erdos and Lovasz [16] 
(see [1] for background and applications). However, we will need a new 
version of Moser and Tardos [26] that can be realized by a randomized 
local algorithm. We will consider a set of mutually independent ran- 
dom variables. Given an event A determined by these variables we will 
denote by vbl(A) the unique minimal set of variables that determine 
the event A: such a set clearly exists. 

Lemma 9. [26J Let V be a set of mutually independent random vari- 
ables in a probability space. Let A be a set of events determined by 
these variables. If there exists an assignment x : A — > (0; 1) such that 

VAeA Pr[A] < x(A)n vhKA)nvbl{B) ^{l - x(B)) 

then there exists an assignment of all variables in V violating any of 
the events in A. There is a randomized local algorithm that finds an 
evaluation such that any of the events will be almost surely violated. 

Moser and Tardos had a more precise theorem but for finitely many 
events: their proof works in this generality, too. The set of variables V 
will correspond to the vertices of G. We will call a cycle short if it is 
shorter than g. The "bad events" of A correspond to short cycles: for 
every short cycle C consider the bad event that H contains this cycle. 
We will write "C - C" 1 to indicate that vbl(C) n vbl(C) ^ 0. 

Claim: Let cycle in G. Then 

Pr((xi, x i+1 ) G E(H) for i = 1, . . . , k) < (f ) k . 

Proof. We suffice to show that for every % the conditional probabil- 
ity Pr((xi,x i+ i) E E(H)\(xi, x 2 ), ■ ■ ■ , (xi-i, xA G E(H)) is at most 
Pr{{x h x i+1 ) G E{H)) = 2 J - § < f . We will prove the following, 
equivalent inequality: 

Pr((x\, X2), • • • , (xi-i, xA eE{H)\( Xi ,x i+1 )^E(H)) > 
Pr((xi,x 2 ), • • • , (xi-i,Xi) G E(H)). 

Consider the following distribution on the subsets of E(G)\(xi, Xi+i): 
choose 5 edges at every vertex independently, and let L be the union 
of these edges. The probability that the edges (x±, X2), ■ ■ ■ , 
are in L equals to the left hand side, while the probability that E(H) 
contains these edges is on the right hand side. The Claim follows. 

□ 
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Given a short cycle C in G let Ac denote the event that E(H) 
contains the edges of C . Set x(A c ) = (^j) fe , where k is the length of 
C . According to the Claim we suffice to show for every short cycle C 
that 

( 2 i) k <x(A c )n c _ c ,(l-x(A c ,)), 
what is the upper bound required by the Local Lemma. We use the 
bound on the number of cycles sharing a vertex: 

iW(i -*o0 > n^ <9 (i - (35/dy) { ^ y . 

On the other hand, 

ILW1 - (f = exp(E 1<l<9 (4sYl°9(l - (f )*)) > 

exp(%(l - EiWif^tf = 1 - EW" fts*)' > 
1 " E£i(f )<( = 1 - ££i 4" J = 1 - 1/3 = 2/3. 
The first inequality holds, since f(x) = l ° 9 ^~ x ^ is monotone decreasing 
on the interval (0; 1), and 4 _! < 1. Hence 

(f ) fc = (f )*(§)* < ^c)n*~ <ff (i - (f < 
x(A c )n c _ c ,(i-x(A c 0). 

This completes the proof of the theorem. 

4. The proof of Theorem 0] 

Consider the following (power) graph G (i/2) : \/(G (L/2) ) = 
and the multiplicity of the edge (sc, y) is the number of walks with 
length L/2 from x to y. The graph G is <i i//2 -regular. The number 
of walks with length k < 2g/L is at most (Xd) kL ^ 2 < {^-) k at every 
vertex. This is an upper bound on the number of cycles, too, so we 
can apply Theorem [5] in order to get a spanning subgraph H' of G^ L ^ 2 ^ 
with minimum degree > 5 and girth > 2g/L. This graph H' will be 
a spanning L/2-Lipshitz subgraph of V(G). We will use the following 
lemma in order to get an almost regular Lipschitz subgraph. 

Lemma 10. Let G be a countable, loopless, undirected graph with 
bounded maximum degree and minimum degree at least 5 G N. Then G 
has a spanning 2-Lipschitz subgraph H with girth at least ^y^, mini- 
mum degree at least S and maximum degree at most (5+1). Moreover, 
there is a local algorithm that produces H almost surely. 

Proof. First we find a spanning subgraph G\ of G such that 8{G\) > 5 
and G\ has no distinct, adjacent pair of vertices with degree > 5: If 
there is an edge connecting vertices with degree > 5 then we remove 
this edge. We iterate this process until we get the desired subgraph 
G v 
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Next we will find a spanning 2-Lipschitz subgraph H of G\ s.t. 
5(H) = 5, A (if) < 5 + 1 and the degree of every vertex is at most its 
degree in H: For every vertex x of Gi of degree > 5 let v x> i, . . . , v Xt d eg (x) 
denote the neighbors of x, and set 

E(G 2 ) = {(v Xi2i -i,v Xi 2i) : deg(x) >5,l<z< [*»®=i]} u E{G X ) \ 
{(v,v x>i ) : deg(x) >5,l<z< 2[^Mz£]}. □ 

5. The proof of Theorem [3] 

Lemma 11. Let 5 > 4 an even integer and G a finite graph with 
minimum degree 5 and maximum degree at most (5 + 1). Assume that 
G has no adjacent pair of vertices with degree (5 + 1). Then G has a 
5-regular spanning 3-Lipschitz subgraph H with girth at least g(G)/3. 

Proof. Call the vertices with degree (5 + 1) special. We will remove 
the cycles of G iteratively in order to end up at a forest as spanning 
subgraph. Special vertices will still have odd degree, and the other 
vertices will have even degree. We will do the following surgery for a 
well chosen path x%, . . . , Xk-\ connecting special vertices: Add an extra 
vertex to both ends of every path so we get a path x , . . • , Xk, where 
x\ and Xk-i are special vertices. Remove all edges of the path and add 
edges of the form (xi, 2^+2), where i — 0, . . . , (k — 2). The degree of the 
special vertices, x\ and Xk-i has decreased by one. The degree of the 
other vertices has not changed. We can do this surgery for many paths 
paralelly if these are edge-disjoint (including the additional edges). 

There are vertices of degree one connected by a path in the forest 
that has at most one vertex with degree > 2 (in particular at most one 
special vertex) in its interior. We do the surgery for every such path: 
we can choose the extra edge at the endpoint so that our paths will be 
edge-disjoint. We iterate the process for the remaining forest until we 
match all special vertices and do the surgery. 

We claim that we will have a 3-Lipschitz subgraph of G in the end. 
The only danger is that edges get longer and longer in the iteration. 
But the edges we use are only the edges of the forest plus the edges 
added at the ends of the paths. The only way we can reuse a 2-edge 
of an intermediate Lipschitz subgraph is that one of its endpoints is a 
special vertex we use later (as the endpoint of a path surged). But this 
can happen to every 2-edge at most once, while the other edge it will 
be joined with should be an original edge of G. □ 

Theorem H] and the lemma give a 4-regular spanning Lipschitz sub- 
graph with large girth. This can be partitioned into two 2-regular span- 
ning subgraphs. The edges of these 2-regular graphs have an Eulerian 
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orientation, so the two digraphs could be actually the graphs of the 
functions a and (3, respectively. This completes the proof of Theo- 
rem [3j 

6. The proof of Theorem [2] 

Theorem H] gives an almost regular tree as a Lipschitz subgraph. 
Next we fill find a regular spanning Lipschitz subtree of our almost 
regular tree. In the regular case we will be able to find a 2-regular 
subtree with an Eulerian orientation of the edges: such a digraph can 
be the graph of the desired function a (f3). All these steps of the proof 
are essentially matching problems after a reformulation. We can use 
the fact that our treeings have good expansion properties to find short 
alternating paths and to get a local algorithm. This strategy was used 
by Lyons and Nazarov |25j, who proved that the Cayley graph of a 
countable, non-amenable group admits a factor of IID matching. (See 
also the work of Abert, Csfkvari, Frenkel and the author [2], and Csoka 
and Lippner [7].) 

Lemma 12. Let 5 > 3 an odd integer and G a treeing with minimum 
degree 5 and maximum degree at most (5 + 1). Assume that G has no 
adjacent pair of vertices with degree (5 + 1). Then G has a spanning 
2-Lipschitz subgraph that is an a.e. 5-regular treeing, moreover, it can 
be constructed by a local algorithm. 

Proof. Call the vertices with degree (5+1) special. First we will find 
an edge-disjoint set of paths connecting special vertices such that every 
special vertex is the endpoint of exactly one path. Then we will make 
the following surgery. Add an extra vertex to both ends of every path: 
these new paths can be still edge- disjoint, since special vertices have 
odd degree. For every new path xq, . . . ,Xk remove all edges of the path 
and add edges of the form (xi,Xi + 2), where i = 0, . . . , (k — 2). The 
degree of the special vertices, x\ and Xk-i has decreased by one. The 
degree of the other vertices has not changed, hence H is 5-regular. 

Altogether, we suffice to find an edge-disjoint set of paths connecting 
special vertices such that every special vertex is the endpoint of exactly 
one path. We will proceed with the following local algorithm: Assume 
that we have already a set of edge-disjoint paths matching all special 
vertices, but a set of measure e. The r-ball centered at any vertex of 
G has volume greater than 5 r , hence there will be unmatched vertices 
at distance at most 2[log(l/e)/log(5)} + 2. Pick a maximal set of edge- 
disjoint paths connecting special vertices s.t. the set of endpoints has 
positive measure. Add these paths to our set of paths and remove the 
possible double edges: this will be still a set of paths connecting pairs of 
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special vertices. Continue the process until almost every special vertex 
will be matched. The total length of the paths we have worked with 
is at most J Q 2[log(l/e)/log(5)] + 2 ds < oo, hence the limit of this 
process is a.e. defined by the Borel-Cantelli lemma (i.e. the position 
of a.e. edge stabilizes). □ 

Note that we only used the fact that the volume of an r-ball is barely 
larger than a linear function of r. The proof of the lemma would work 
for many other graphings, not only treeings. 

This lemma finds a regular Lipschitz subtreeing of the almost regular 
Lipschitz subtreeing of the Bernoulli shift provided by Theorem HJ This 
is a factor of IID Lipschitz subgraph of the original Cayley graph. It 
has a matching Ai by the result of Lyons and Nazarov [23] . 

We will orient the edges of M. randomly using the Local Lemma 
in order to get a partition into two parts with the same measure s.t. 
every vertex has at least | portion of its neighbors in the other part. 
Then we will find a matching in the rest of the graph s.t. every edge 
connects an endpoint of an edge in A4 to a starting point of an edge 
in M.. If we found this we could orient these edges to get a 2- regular 
graph with an Eulerian orientation. Such a digraph could be the graph 
of the function a ((3). 

Lemma 13. Let G be a (d + l)-regular graphing, where d > 100 and 
M. a matching of G. Then there is a local algorithm that orients the 
edges of M. such that for the induced partition ofV{G) into in- and 
out-vertices the following holds: a.e. v G V(G) has at least y of its d 
non-matching neighbors in the other class of the partition than v. 

Proof. Consider the independent, uniform, random orientation of the 
edges. We will apply the Lovasz Local Lemma to this probability dis- 
tribution. The Chernoff inequality implies that the probability that the 
neighbors of a vertex are badly directed is at most e~ d2 / 100 . We choose 
for every bad event A v (corresponding to a vertex v) x = x(A v ) = 
l/(d + 1). We only need to check the condition of the Local Lemma: 
(1 — x) d x > e ^ +1 ^ > e~ d2 / 200 , where the second inequality uses that 
d > 100. □ 

Lemma 14. Let G be a d-regular expander graphing and p > its 
normalized spectral radius. Partition V(G) into two disjoint sets A 
and B with equal measure such that for a. e. x G V(G) at least y 
neighbors of x will be in the other set of the partition. If 50p < 1 then 
the bipartite graphing will be an expander: for every S C A (or B) 
measurable with \S\ < \A\/2 we have \N(S)\ > ^p-. 



EXPANDERS HAVE A SPANNING LIPSCHITZ SUBGRAPH WITH LARGE GIRTH 



Proof. Let S C A measurable, \S\ < h^. The Expander Mixing Lemma 
implies E{S,N{S)) < d \ S ^$ l + pdy/\S\\N{S)\. On the other hand, 
every vertex of S has at least 2d/5 neighbors in B, i.e. in N(S), hence 
2d\S\/5 < ^W+pdVWWM- Altogether, § < ^+2p^: 
the lemma follows, since 50 p < 1. □ 

We are ready to finish our proof: assume that we got a rf-regular 
forest, where d > 10000, as a factor of IID spanning Lipschitz subgraph. 
This has a factor of IID matching and an orientation of the matching 
edges s.t. it induces a partition of the vertices of the Bernoulli shift into 
two equal parts, and every vertex has at least | portion of its neighbors 
in the other half of the partition. We will show that there is a factor 
of IID matching of this bipartite graphing: since we have started at an 
at least 10000-regular treeing, we had the Ramanujan spectra, hence 
50p = loo^O < i ) s i nC e d > 10000. The lemma implies that the 
bipartite graphing is an expander, so we have short alternating paths 
and a local algorithm to find a matching. This completes the proof of 
Theorem [2j 

Acknowledgement. The author is strongly indebted to Gabor Elek 
who asked him whether Theorem [3] holds and introduced him to this 
subject. The author thanks to Miklos Abert, Laszlo Pyber and Peter 
Varju for their helpful remarks. 
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